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Abstract 6 
Many theories and empirical formulae have been proposed to estimate the shear strength of 7 
reinforced concrete members without transverse reinforcement. It can be noted that these 8 
approaches differ not only in the resulting design expressions, but also on the governing 9 
parameters and on the interpretation of the failure mechanisms and governing shear-transfer 10 
actions. Also, no general consensus is yet available on the role that size and strain effects exhibit 11 
on the shear strength and how should they be accounted. This paper reviews the various potential 12 
shear-transfer actions in reinforced concrete beams with rectangular cross-section and discusses on 13 
their role, governing parameters and the influences that the size and level of deformation may 14 
exhibit on them. This is performed by means of an analytical integration of the stresses developed 15 
at the critical shear crack and accounting for the member kinematics. The results according to this 16 
analysis are discussed, leading to a number of conclusions. Finally, the resulting shear strength 17 
criteria are compared and related to the Critical Shear Crack Theory. This comparison shows the 18 
latter to be physically consistent, accounting for the governing mechanical parameters and leading 19 
to a smooth transition between limit analysis and Linear Elastic Fracture Mechanics in agreement 20 
to the size-effect law provided by Bažant et al. 21 
 22 
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 26 
1. Introduction 27 
Design for shear of one- and two-way slabs without transverse reinforcement has been a topic 28 
where significant efforts have been devoted in the past. For beams and girders with stirrups, 29 
consistent equilibrium-based models as strut-and-tie models or stress fields can be applied [1]. 30 
However, with reference to the shear strength of beams and slabs without transverse 31 
reinforcement, no general agreement on the parameters and phenomena governing shear strength is 32 
yet found in the scientific community. This lack of agreement is also reflected in codes of practice, 33 
whose provisions for shear design are often based on empirical formulas [2,3]. Some approaches 34 
based on mechanical models consider a given shear transfer action as governing, neglecting the 35 
influence of the others. For instance, for one-way slabs without transverse reinforcement, shear 36 
carried by the compression chord is identified as the most significant parameter influencing the 37 
shear strength by Zararis [4]. On the contrary, aggregate interlocking can be considered as the 38 
governing shear transfer action explaining shear strength according to the compression field theory 39 
and its derivatives [5,6]. Also, Yang [7] acknowledges the role of aggregate interlock, whose 40 
failure is triggered by the development of a delamination crack at the level of the flexural 41 
reinforcement. Other approaches deal with the problem of shear strength in beams without 42 
transverse reinforcement on the basis of the tensile strength after cracking (including the presence 43 
of fibres in the cement matrix [8]) or based on fracture mechanics concepts [9,10]. Some 44 
interesting research lines have also been developed based on the upper-bound theorem of limit 45 
analysis with some modifications accounting for the presence of concrete cracking [11,12]. 46 
Finally, other approaches account for various potential shear-transfer actions. This is for instance 47 
the approach of Tue et al. [13] and Marí et al. [14] (where the role of the compression chord is 48 
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nevertheless normally dominant) or the Critical Shear Crack Theory [15,16] (where the 49 
development of a critical shear crack limits the capacity of the shear-transfer actions). It is 50 
noticeable that, although different models account for different governing shear-carrying actions 51 
and for the strain and size effects in different manners, the final design expressions account for 52 
similar parameters with similar influences and, in most cases, fit in a similar manner when 53 
compared to available datasets. 54 
An attempt to understand the role of the various potential shear transfer actions has recently been 55 
presented by Campana et al. [17]. This investigation showed that different crack patterns may 56 
develop in similar reinforced concrete members and that their associated kinematics at failure 57 
(relative displacement of the lips of the critical shear crack) may also be very different. This holds 58 
true even for constant mechanical and geometrical parameters. Accounting for measured shapes 59 
and kinematics obtained by specific testing and by using a number of advanced constitutive 60 
models for aggregate interlock, residual tensile strength, doweling action and stirrup contribution, 61 
the contribution of each shear-transfer action to the total strength was estimated numerically. It 62 
was found that the governing shear transfer actions may be very different from one member to 63 
another. This dependency was mostly governed by the cracking pattern and its associated 64 
kinematics at failure, despite the fact that the total shear strength (sum of the various shear transfer 65 
actions) may be similar.  66 
Other than the role attributed to the shear-transfer actions, different considerations are usually 67 
performed on the influence that size and strain effects have on shear strength. The size effect is 68 
defined as the reduction on the unitary (normalized) shear strength for geometrically identical 69 
specimens but with increasing size, refer to Fig. 1a. As stated by Bažant et al. [9,10], this reduction 70 
should follow a size-effect law, with a transition between a yield criterion for small sizes (without 71 
any size effect) and the behaviour predicted by Linear Elastic Fracture Mechanics (LEFM) for 72 
large sizes (strength reduction governed by d-0.5). In addition, it has also been experimentally 73 
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observed that specimens are sensitive to a strain effect [6,15], with decreasing unitary shear 74 
strength for geometrically identical specimens but subjected to higher levels of deformation (Fig. 75 
1b). In many cases, both effects are considered by means of empirical coefficients, by introducing 76 
a size-effect factor (depending on the depth [9,10] or on shear span length [4,14]) and by relating 77 
the shear strength to the level of deformation (for instance as a function of the flexural 78 
reinforcement ratio or axial load [13,3]). Some design codes, however, neglect these aspects, at 79 
least in their most simplified design formulations [2].  80 
In this paper, the contribution of the various shear-transfer actions to the shear strength and how 81 
they are influenced by the size and level of deformation of the member is investigated. This is 82 
performed by means of an analytical approach, accounting for their activation based on the shape 83 
of the shear crack and its kinematics and by using some fundamental constitutive models providing 84 
the stresses along the critical shear crack. By integration of the stresses at the critical shear crack, 85 
the contribution of each shear-transfer action is determined as well as its governing parameters. 86 
This allows obtaining eventually a failure criterion for shear design as well as to investigate on the 87 
influence of size and strain effects on the shear response. The results show that the contributions of 88 
all shear-transfer actions decrease for increasing openings of the critical shear crack and that their 89 
decay follows a similar trend. These results are finally related to the failure criterion proposed by 90 
the Critical Shear Crack Theory [15]. The works of this paper allow justifying on a rational basis 91 
its failure criterion (shape and influence of the various mechanical parameters considered by the 92 
theory). This criterion is observed to be consistent with the integration of stresses performed for 93 
the various critical shear crack shapes and kinematics investigated, thus validating the fundamental 94 
hypotheses of this theory. In addition, it is also shown that the theory is consistent with the strain 95 
effects and particularly with the size-effect law, providing naturally (without the need of 96 
considering any specific parameter) a smooth transition between a yield criterion and LEFM 97 
depending on the size of the member. 98 
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 99 
2. Shear-transfer actions in RC 100 
After cracking due to bending, shear can be transferred in reinforced concrete members by a 101 
number of potential actions, whose activation depends much on the shape and kinematics of the 102 
critical crack leading to failure [17,15]. A summary of these actions is presented below (refer to 103 
Fig. 2): 104 
- Cantilever action (Fig. 2a). The possibility of transferring shear by means of the concrete in 105 
between two flexural cracks (acting as a cantilever beam or “tooth” linking the tension and 106 
compression chords) was already observed by Kani [18]. At the location of the crack, shear is 107 
carried by the inclined compression chord. The strength of this action is limited by the 108 
development of the vertical flexural crack into a quasi-horizontal crack, which disables the 109 
capacity of the tension tie of the tooth [15].  110 
- Aggregate interlock (Fig. 2b). Aggregate interlock was also early acknowledged as a potentially 111 
governing shear transfer action [19,20,21,22,23,24]. In a concrete crack, aggregate interlocking 112 
stresses develop when the aggregates at one side of the crack contact the cement paste in the 113 
other. Thus, depending on the crack opening (w) and relative slip of the crack (), see Figure 3a, 114 
normal and tangential stresses develop, Figure 3b. The strength of this action is mostly limited 115 
by the opening of the cracks, by the roughness of the contact surface and by the level of slip () 116 
between the lips of the crack. It should be noted that the roughness of the crack is influenced by 117 
the aggregate size (micro-roughness) but also by the actual shape of the crack (crack 118 
undulations defining a meso-roughness and changes in the direction of the crack defining a 119 
macro-roughness). 120 
- Doweling action (Fig. 2c). The longitudinal bars of a reinforced member also have the 121 
possibility to transfer shear forces acting as dowels between the lips of a crack [25,26,27,28,29]. 122 
This action has shown to be efficient in regions were concrete cannot develop spalling cracks. 123 
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This is for instance the case of short-span beams (where the critical shear crack develops near 124 
the bearing plate, thus preventing spalling cracks to appear) or for members with transverse 125 
reinforcement [30,17]. Also, when the critical shear crack develops through the compression 126 
reinforcement (where no spalling can occur near the loading plate), dowelling action becomes 127 
very efficient (as for the integrity reinforcement [31]). However, when spalling cracks can 128 
develop parallel to the bending reinforcement (Fig. 2c) as for slender beams without transverse 129 
reinforcement, this action is significantly decreased, and even considered as negligible by many 130 
researchers [29,4,15,28].  131 
- Residual tensile strength of concrete (Fig. 2d). After cracking, concrete still has the capacity to 132 
transfer some level of tensile stresses, allowing tension ties to develop through the cracks. 133 
These stresses develop at the fracture process zone of the crack (near its tip) and soften for 134 
increasing openings of the crack width [32] (the concrete has eventually no capacity to carry 135 
any stress for crack openings of a quite limited width, of about 0.2 mm [33]).  136 
- Arching action (Figs. 2e,f). The four previous shear carrying actions (Figs. 2a-d) allow carrying 137 
shear in a member keeping constant the lever arm between the compression and tension chords. 138 
Thus, the force in the tension reinforcement varies accordingly to the bending moments of the 139 
beam. Due to this reason, such actions can be referred to as beam shear-carrying actions. 140 
However, shear can also be carried by assuming a constant force in the flexural reinforcement, 141 
which leads to an inclined compression strut carrying shear as shown in Fig. 2e. This possibility 142 
corresponds in fact to a plasticity-based stress field in concrete without tensile strength as 143 
originally proposed by Drucker in 1961 [34]. Developing the full plastic strength on the basis of 144 
such stress field was not found possible for slender beams without transverse reinforcement 145 
[18,15] as flexural cracks may potentially develop across the theoretical compression strut, 146 
limiting its strength. However, for compact (short-span) members, the results obtained 147 
according to the arching action are in agreement to observed test results [35,36]. 148 
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The influence of slenderness on the governing shear-carrying actions is presented in Figure 4 with 149 
the help of the “Kani’s valley”. The arching action is governing for deep beams (beams with low 150 
shear span (a)-to-effective depth (d) ratios  = a/d < 1 in Fig. 4) and the shear that can be carried 151 
at failure (VR) corresponds to that of the plastic strength (Vpl, governed by yielding of the flexural 152 
reinforcement and crushing of the concrete zone, according to Fig. 2e). This is due to the fact that 153 
for low slenderness, flexural cracks do not penetrate within the compression strut [15]. For larger 154 
slenderness (1<<2) cracks may partly penetrate within the strut. As a consequence, the plastic 155 
solution overestimates the actual strength [18] (as the strength of the compression strut is limited 156 
by the transfer of forces across the critical shear crack and the compression strut develops with an 157 
elbow-shaped form as shown in Fig. 4a [15]). This region (left-hand side of the Kani’s valley) can 158 
be investigated by using stress fields accounting for the influence of cracking on the strength of a 159 
compression field [5] (compression fields experiencing a reduction of the strength for transverse 160 
strains (strain effect) but no size effect, refer to [37,38]). For larger values of the slenderness 161 
(>2) the arching actions starts to develop in combination with the various beam shear-transfer 162 
actions (refer to the strut-and-tie model of Fig. 4), that become dominant thereafter. The ratio 163 
between the shear strength and the plastic strength increases in this case and gives rise to the 164 
characteristic shape of the right-hand side of the Kani’s valley shown in Figure 4 [18], where for 165 
very high values of the slenderness, the members fail again in bending (the beam shear-carrying 166 
actions offering sufficient shear strength). In this paper, the behaviour of slender members (>2) 167 
will be examined. 168 
  169 
3. Contributions of the shear-transfer actions in slender beams 170 
For slender members, the shape of the critical shear crack can be characterized according to Fig. 5a 171 
that is assumed to be composed of three parts (the actual shape of this crack being subjected to 172 
some level of scatter [17,39]): a quasi-vertical part (named A in Fig. 5a, developing at an angle 173 
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A), a quasi-horizontal part (named B in Fig. 5a, developing at an angle B) and a delamination 174 
crack (named C in Fig. 5a). The associated length of the former parts (B and A) can vary. In most 175 
cases, the quasi-vertical part (A) has a bending origin and extends approximately up to the neutral 176 
axis (or to the fibre where the tensile strength of concrete in bending is found), although diagonal 177 
cracks (associated to limited lengths of A) are also possible. The kinematics of such crack is 178 
presented in Fig. 5b, characterized by a centre of rotations located near the tip of the crack (in 179 
agreement to the test measurements presented in [17]). With respect to crack B, its origin can be 180 
related to the tensile stresses developing at that region due to the beam shear-carrying actions 181 
(refer to the quasi-vertical ties in Fig. 2a,d). 182 
This crack shape (points A and B) and associated kinematics requires the development of a 183 
delamination crack at the level of the flexural reinforcement (Figs. 5a-b). This is justified by the 184 
vertical component of the displacement along the reinforcement shown in Fig. 5e which occurs for 185 
an inclined crack type A and when the quasi-horizontal crack type B develops. Along this crack, 186 
bond is not possible and the strain remains constant in the reinforcement (Fig. 5c), which increases 187 
the opening of the critical shear crack with respect to a bending-based prediction of its opening [7]. 188 
Thus, the rotation can be calculated on the basis of the deformation of the reinforcement at this 189 
crack as: 190 
B
c
s
B
l
dd
w     (1) 191 
With respect to the potential shear transfer actions, other than the contribution along the shear 192 
crack  (VCSC in Fig. 5d) due to aggregate interlock and residual tensile strength, doweling action 193 
(VDA in Fig. 5d) and the contribution of the compression chord (VCC in Fig. 5d) can also be 194 
acknowledged. It is interesting to note that the kinematics (Fig. 5b) is governing the relative 195 
displacements of the lips of the crack. In the top part, this leads to a pure opening but no crack 196 
sliding (assuming that the shortening of the compression  chord can be neglected, Fig. 5f) whereas 197 
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in the middle part (length A, Fig. 5g), it is associated to variable opening and constant sliding 198 
along the crack.  199 
 200 
3.1 Contribution of the top part of the critical shear crack  201 
As previously introduced, the top part of the critical shear crack is subjected only to an opening of 202 
the crack. Its response is characterized thus by mode I in fracture and is then governed by the 203 
residual tensile strength of concrete (the interaction with potential shear stresses will be neglected). 204 
The force that can be transferred through the crack due to this contribution (Fig. 2d) can be 205 
calculated for a given tension softening behaviour. In the following, a simplified constant decay of 206 
the tensile strength with respect to the opening of the crack (linear law) will be assumed for 207 
simplicity reasons (Fig. 6a): 208 
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w
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0
01   (2) 209 
where the area below the crack-stress curve is equal to the fracture energy GF. The integration of 210 
the shear contribution can however be generalised to any other tension softening law considered. 211 
The normal stresses developing at the crack can be calculated on the basis of the crack kinematics 212 
(Fig. 6b), determining a shear strength equal to: 213 



BB
dbdbV BBBCSC

00
, coscos

  (3) 214 
where refers to the normal stress to the crack, b to the width of the member (considered 215 
constant), B to the angle of the crack with respect to the beam axis and  is the integration 216 
variable (Fig. 6b). With respect to the crack opening (w), it can be obtained for the given 217 
kinematics by relating it to the rotation of the critical shear crack () developed at its centre of 218 
rotation (Fig. 6b): 219 
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 w   (4) 220 
Two regimes are potentially possible, refer to Figures 6c,d. These regimes have the following 221 
physical meaning: (1) cases when the normal stresses develop along the whole length of the 222 
investigated branch (w ≤ wcr, corresponding to low crack openings), refer to Figure 6c; and (2) 223 
cases when the normal stresses develop only close to the tip of the crack (w > wcr at the outermost 224 
part of the crack, corresponding to large crack openings). By introducing Eqs. (4) and (2) into Eq. 225 
(3) and solving the integral, the resulting shear force that can be transferred through the crack 226 
results: 227 
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The two regimes can be identified in Figure 6e, where the shear force carried through the top part 229 
of the critical shear crack is expressed as a function of . The first regime corresponds to a linear 230 
decay (while the normal stresses develop through the whole depth of the crack) and is followed by 231 
an hyperbola (when the normal stresses develop only for a given length of the crack). It can be 232 
noted that the larger the deformation of the member (associated to larger crack widths), the lower 233 
the shear strength that can be transferred through the critical shear crack. 234 
Alternatively, Eq. (5) can also be formulated on the basis of other parameters that may be more 235 
convenient for design. For instance, this can be done in the following manner: 236 
- The tensile strength can be related to the compressive strength of concrete. Usually, 237 
relationships of the type   238 

cct fkf 1  239 
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are used. According to Model Code 2010 [40], suitable values are k1 = 0.3 and  = 2/3. Other 240 
authors relate the tensile strength of concrete to other powers of the compressive strength, 241 
generally varying between 0.5 [42] and 2/3. 242 
- Parameter wcr can be related to the fracture energy GF for the proposed linear law as  243 
ct
F
cr f
G
w
2  244 
The fracture energy is in turn significantly influenced by the compressive strength of concrete 245 
and by the maximum size of the aggregates [40,41]. Based on the results provided by Hilsdorf 246 
[41], the following relationship can be used for calculating the value of the fracture energy of 247 
concrete: 248 
     7.0
0
0002.0N/mm c
g
gg
F fd
dd
G 


   249 
Where dg refers to the maximum aggregate size, dg0 to a reference aggregate size (8 mm) and fc 250 
is to be introduced in [MPa]. Accounting for fct = 0.3 fc2/3, it results (assuming fc0.033 ≈ 1): 251 
 02 ggcr ddkw   252 
It can be noted that other approaches may estimate the fracture energy GF with different 253 
expressions, giving for instance less significance to the aggregate size and decreasing the value 254 
of the power applied to the concrete strength (refer for instance to [40]). 255 
- The length B can be assumed to be proportional to the distance between two cracks defining a 256 
concrete tooth (refer to Figs. 2 and 5a). This distance has been in its turn observed to be 257 
proportional to the effective depth of the member [43]. Thus, it can be assumed: 258 
dB   259 
- The effective depth of the critical shear crack (dB) can be assumed proportional to the effective 260
depth of the member assuming a cracked flexural behaviour of the member [15]. If the length of the 261 
region contributing to the opening of the critical shear crack (named c in Fig. 5c and including its 262 
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delamination branch) is also assumed to be proportional to the effective depth of the member, the 263 
rotation  of the critical shear crack can be related to a reference longitudinal strain of the member 264 
 (larger longitudinal strains in the member being associated to larger rotations [15]) according to 265 
Eq. (1):  266 
   267 
With these assumptions, Eq. (5) can be rewritten as: 268 
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 (6) 269 
Where k and k are constants depending on the material parameters and crack inclination B. This 270 
formula is plotted in Figure 6f, where the vertical axis is normalised by the factor b·d·fc.  271 
The figure shows still the two regimes (linear and hyperbolic) and the decay on the shear strength 272 
for increasing deformation or sizes. It can thus be observed that both size and strain effects are 273 
naturally resulting from the physical phenomenon (reduction of the shear strength for increasing 274 
openings of the shear crack) without the need of accounting for any specific (or empirical) factor.  275 
 276 
3.2 Contribution of the bottom part of the critical shear crack  277 
With respect to the bottom part of the critical shear crack, both opening and sliding occur 278 
according to Fig. 5g. This implies a response in mixed mode I and II, that can be evaluated by 279 
means of aggregate interlock models (Fig. 3). In this case, an analytical integration of the 280 
contribution of aggregate interlock can also be performed with reference to the simplified laws 281 
shown in Figure 7a (where both the slip and opening between the lips of the crack increase 282 
proportionally with the rotation ). These laws assume a linear decay on the shear and normal 283 
stresses that can be transferred through aggregate interlock, with a maximum stress transferred for 284 
 13/42 
perfect contact (no crack opening) and no stress transferred for a limit crack opening (wli) where 285 
no contact between the crack develops for any relative slip: 286 
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More refined laws for the maximum aggregate interlock stress developed for a given crack 289 
opening can be derived from the rough crack model (proposing an hyperbolic [22] or square-root 290 
[23] decay with increasing crack opening instead of a linear one, but keeping the same governing 291 
parameters). The selected linear laws for aggregate interlock behaviour  can be replaced, without 292 
loss of generality, by more realistic envelopes of aggregate interlock stresses calculated on the 293 
basis of the actual crack opening and slip (refer to dotted lines in Fig. 7a) which in turn affect the 294 
contact surface as well as the amount and distribution of sizes of aggregates) and by assuming a 295 
plastic strength in the concrete matrix (as for instance performed by Walraven [21]). These 296 
envelopes lead to an activation phase (where contact is not developed in all potential contact 297 
surfaces) prior to developing the plastic strength at the interface (refer to Fig. 7a). Integration of 298 
such laws requires typically using numerical procedures [17]. Due to this reason, the simplified 299 
laws will be used in the following, but the influence of the activation phase will be discussed with 300 
reference to the total amount of shear force that can be transferred through the critical shear crack. 301 
By accounting for the crack shape and kinematics, the relative displacements between the lips of 302 
the cracks can be obtained (Fig. 7b). On the basis of such displacements and the aggregate 303 
interlock laws (Fig. 7a), the shear stresses at the critical shear crack can be determined as shown in 304 
Figure 7c,d. It can be noted that both shear and normal stresses result. It can thus be written: 305 
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Where 1 and 2 refer to the integration limits that can be calculated on the basis on the geometry 307 
of the critical shear crack defined in Figure 5 as: 308 
A
BAB



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12
1 )cos( 
  (10) 309 
It can be noted that, for slender member, cracks develop in a rather vertical manner. In addition, 310 
the normal stresses associated to aggregate interlock are normally significantly lower than the 311 
shear stresses [44] for realistic crack kinematics. Accounting for these two arguments, the term 312 
concerning the shear stresses can be considered as dominant. In the following, and for simplicity 313 
reasons, only this term will be considered, although the general integration could be performed 314 
reaching the same conclusions (the shear and normal stresses develop in affinity as a function of 315 
the crack width according to Fig. 7a): 316 

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
2
1
,


 dbV ACSC   (11) 317 
Where the coefficient  accounts for the contribution of the normal stresses and the influence of 318 
the angle A. It can be noted that the actual value of the parameter 0 depends on the crack 319 
kinematics (angle of the displacement vector with respect to the crack plane [44]). Although this 320 
angle varies along the crack, this variation is limited and will be neglected in the following for 321 
simplicity reasons (an integration accounting for this fact would not influence the results presented 322 
hereafter). 323 
The integration of the aggregate interlock stresses leads in this case to three potential regimes: (1) 324 
cases where the shear stresses develop through the whole depth of the vertical part of the crack 325 
(Fig. 7c); (2) cases where the shear stresses develop only on the top region of the vertical part of 326 
the shear crack (Fig. 7d); and (3) cases where no shear stresses develop in the vertical branch of 327 
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the critical shear crack (since the opening of the crack in the vertical branch exceeds the limit 328 
value wli). Integration of the shear stresses results thus in the following expression: 329 













 


 



 

1
12
11
0
2
21
0
,
0
1
2
1
0
2
)(1







li
lili
AA
li
li
A
li
li
A
ACSC
w
www
w
b
w
w
b
V




 (12) 330 
Where 0 refers to the maximum shear stress that can be transferred through aggregate interlock 331 
(Fig. 7a) and  to the rotation developed at the tip of the critical shear crack. It can be noted that 332 
for low values of 1 (1→0), the regimes simplify to two and lead to a linear decay of the shear 333 
strength followed by an hyperbolic decay: 334 
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Eqs. (12,13) are plotted in Figure 7e. For design purposes, these equations can be rewritten 336 
accounting for other physical parameters more suited for design: 337 
- The maximum shear stress is related to a number of parameters such as the cement paste 338 
strength, aggregate type, maximum size of aggregate and aggregate volume fractions. However, 339 
the governing parameter for normal strength aggregates, can be considered the cement paste 340 
strength (as the aggregate size decreases, the force transferred by each aggregate diminishes, 341 
but the total number of aggregates transferring shear increases, both effects compensating as 342 
can be observed from the aggregate interlock relationships of [22,23]). This term, according to 343 
Walraven’s model [21] can be assumed as proportional to the power 0.56 of the compressive 344 
strength of concrete: 56.00 cf . Other authors (as the rough crack model [22,23]) assume a 345 
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linear dependency of the maximum shear strength with respect to the compressive strength of 346 
concrete cf0 . In the following, it will be assumed:347 
 cf0 348 
Where the exponent  varies potentially between 0.56 and 1.0 (similar values but not 349 
necessarily the same as those already discussed for the contribution of the top part of the critical 350 
shear crack)351 
- Parameter wli, referring to the crack opening leading to no contact between the lips of the crack 352 
for any value of the sliding, can be correlated to the maximum aggregate size and crack 353 
roughness. This is justified because half the maximum aggregate will lead to a no-contact 354 
situation for a crack  developing in a planar surface (contact of the aggregates refers to the 355 
micro-roughness of the crack). However, concrete cracks are not perfectly planar and present a 356 
certain level of meso-roughness, Fig. 7a. The limit crack width is thus related to a reference 357 
dimension related to the sum of the micro- and meso-roughnesses:  358 
0ggli ddw   359 
Where dg0 refers to a reference size (not necessarily identical to that of the residual tensile 360 
strength). 361 
- The length of the quasi-vertical cracked zone can be assumed proportional to the effective depth 362 
of the member ( d2 ) if the crack extends up to the neutral axis [15] 363 
- The rotation   of the critical shear crack is, as previously, assumed proportional to a reference 364 
longitudinal strain of the member , thus    365 
In light of these assumptions, and considering the previous simplification of 1→0 (the general 366 
Equations could also be applied without loss of generality) Eq. (13) can be rewritten as: 367 
 17/42 












d
dd
k
d
ddkk
d
dd
k
ddk
dk
fdb
V
gggg
gg
gg
c
ACSC
00
0
0,
)(
2
0
)(2
1








 (14) 368 
Where k and k are constants depending on the material parameters (where k does not 369 
necessarily have the same value as for Eq. (6)). The regimes are plotted in Figure 7f. In addition, 370 
another curve (dotted line) is plotted accounting for the activation of the aggregate interlock 371 
stresses (as previously referred, see also Fig. 7a). It is noticeable that Eqs. (6) and (14) have the 372 
same shape and mechanical parameters implied, despite their different physical and kinematical 373 
origins. The shear strength can be normalized by the product of the width, effective depth of the 374 
member and a power of the compressive strength of concrete. The opening of the critical shear 375 
crack can in turn be related to the product of a longitudinal reference strain times the effective 376 
depth of the member. Both expressions lead to a decay on the shear strength that can be transferred 377 
through the critical shear crack for an increasing opening of the critical shear crack. In addition, 378 
both predict the same influence of size and strain (by means of the product ·d) on the shear 379 
strength.  380 
 381 
3.4 Contribution of dowelling action  382 
Dowelling action can also be mobilized according to the considered crack geometry and 383 
kinematics, as the flexural reinforcement follows a transversal displacement in addition to the 384 
longitudinal one, refer to Figure 5e. In order to activate dowelling action in the flexural 385 
reinforcement, it is necessary that tensile stresses develop in the concrete (Fig. 2c). As shown in 386 
Fig. 8a, the equilibrium of the shear force in the reinforcement requires the development of vertical 387 
tensile stresses, potentially originating a delamination crack. Despite the development of this 388 
delamination crack, the dowelling action can still occur, as the tensile stresses develop again at the 389 
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tip of the delamination crack (Fig. 8b). This leads in fact to a plastic behaviour of the dowelling 390 
strength that has been confirmed experimentally, refer for instance to the works of Baumann and 391 
Rüsch [25] shown in Figure 8d (specimens whose inner wedge was separated at casting by means 392 
of two plastic layers to measure the dowelling action of the reinforcement). It can be noted in 393 
Figure 8d that shear transfer by dowelling of the flexural reinforcement was activated for very low 394 
values of transverse displacement and the force was roughly constant thereafter, giving rise to a 395 
delamination crack of the longitudinal reinforcement as that presented in Figure 2b.  396 
The capacity of dowelling action to transfer shear forces is limited in slender members if no 397 
transverse reinforcement is available [25,26,27,28]. Yet, its value is not necessary negligible in all 398 
cases (refer to Fig. 8d)  and can be expressed in a general manner as [31]: 399 
 efefefctDA bfnV  ,   (15) 400 
Where n refers to the number of bars, fct,ef to the effective tensile strength of concrete, bef to the 401 
effective width in tension per bar (Fig. 8c) and ef to the effective concrete length in tension (Fig. 402 
8a). According to [31]:  403 
- bef can be estimated as the minimum of the values (sb – db; 6 db; 4 cb), where sb refers to the 404 
spacing between the bars, db to their diameter and cb to their cover. 405 
- ef can be estimated as two times the bar diameter (ef  = 2db) 406 
With respect to the effective tensile strength, it should be noted that its value is strongly influenced 407 
by the state of longitudinal strains in the flexural reinforcement. This evidence has been 408 
experimentally demonstrated in [45], refer to Figure 8e. It is justified by the fact that reinforcement 409 
strains in cracked concrete are associated to bond stresses between the concrete and the steel. 410 
These bond stresses require the development of transversal tension rings (according to Tepfers 411 
[46]) which limit the capacity of the concrete cover to withstand any other transverse actions (as 412 
dowelling forces). According to [45], the effective tensile strength can be estimated as a function 413 
of the deformations of the flexural reinforcement according to the following expression:  414 
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ctbefct fkf  )(,    (16) 415 
Where the reduction factor (kb) follows a decay for increasing strains at the flexural reinforcement 416 
as shown in Fig. 8e [45]. It can be noted that if Eq. (16) is introduced into Eq. (15) and the strength 417 
is normalized, it results: 418 
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 (17) 419 
The strength depends thus on the level of deformation of the specimen (strain effect) and on the 420 
ratios bef /sb and db/d. It should be noted that, in practical applications, the bar spacing (sb) in slabs 421 
is normally kept constant or almost constant. Thus, for the same amount of flexural reinforcement 422 
ratio, db has to vary according to the square-root of the effective depth of the member. The 423 
influence of size will thus be different depending on whether bef  is governed by the condition 6db 424 
or sb – db ≈ sb. In a general manner, this dependency can then be written as: 425 
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c
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d
k
dbf
V    (18) 426 
Where kd and  are constants depending on the geometrical and mechanical parameters and fct has 427 
been approximated as a power of fc as previously justified for the contribution of the residual 428 
tensile strength of concrete. It can be noted that Eq. (18) includes an explicit dependency on the 429 
strain and on the size of the member. Yet, both phenomena are still related as it will be explained 430 
later (larger sizes are associated to lower strains). 431 
 432 
3.5 Contribution of compression chord/arching action  433 
Other than the residual tensile strength of concrete, aggregate interlock and dowel action, shear can 434 
be transferred by means of the inclination of the compression chord (VCC, refer to Figs. 2a,f and 435 
5d). This action is governing for short-span beams although its influence is more limited for 436 
slender members [36].  437 
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In the case of slender members, shear can be transferred at the location of the cracks by means of 438 
the cantilever action (Fig. 2a), where the shear force is carried by the inclination of the 439 
compression chord. This action is however disabled as the critical shear crack propagates in a 440 
quasi-horizontal manner (Fig. 9a) leading to the kinematics shown in Figure 9b on the basis of a 441 
simplified critical shear crack shape. In this situation, a contribution of the compression chord is 442 
still possible provided that an inclined compression strut develops. The angle of the compression 443 
strut (CC in Fig. 9c) is governing for the amount of shear force that can be transferred by the 444 
compression chord and this angle depends much on the height and location of the critical shear 445 
crack (point A in Fig. 9a,b). Developing  a full-arching action (Fig. 2e, characterized by a 446 
theoretical direct strut carrying the total shear force and developing between the loading plate and 447 
the support) is possible for short-span beams but it is however not possible for slender members 448 
since the inclined strut would be intercepted by the critical shear crack (Fig. 9c), refer to Figure 4. 449 
For slender members, the inclination of the compression chord is thus flatter than that 450 
corresponding to the full arching action (AA in Fig. 9c). This  results from the assumption that the 451 
beam shear transfer actions in the region between the critical shear crack and the load are 452 
neglected (yet they are still active in the region between the support and the critical shear crack to 453 
deviate the inclined strut of the compression chord). As a consequence, the remaining shear force 454 
is carried by the previously investigated shear-carrying actions, mostly by means of a strut 455 
developing at an angle CSC corresponding to aggregate interlock and concrete contribution in 456 
tension if dowel action is neglected, refer to Fig. 9c. On the basis of the force diagram (Fig. 9c) it 457 
can be seen that, for activating the arching action, both shear contributions (VCC and VCSC) are 458 
related by geometric conditions: 459 
AACC
CSCAA
CSCCC VV 

cotcot
cotcot

   (19) 460 
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Where, in Eq. (19), the value of AA is constant (as cotAA refers to the slenderness ratio a/z). The 461 
value of CC is also constant as it is determined by the location of point A of the crack. The value 462 
of CSC can also be assumed as roughly constant since the resultant of aggregate interlock stresses 463 
is located close to point A of the crack (refer to the distribution of shear stresses in Fig. 7c). As a 464 
consequence, failures associated to such cracking pattern implies that both shear transfer actions 465 
(VCC and VCSC) are roughly proportional and the contribution of the compression chord will be 466 
governed by the same parameters controlling the shear carried through the critical shear crack 467 
(Eqs. (6,14)). It can be noted that this approach assumes that failure results from loss of resistance 468 
in the critical shear crack and that the proportion of load taken by the inclined compression chord 469 
is determined by the geometry and the position of the critical shear crack. 470 
 471 
4. The Critical Shear Crack Theory as a mechanical model for shear design 472 
The Critical Shear Crack Theory (CSCT) is a theory whose fundamentals were first presented in 473 
1991 [47] and that can be applied for shear design of one- and two-way slabs [15,48,49,16] with 474 
and without transverse reinforcement or fibres [50,51,52]. A design formulation based on this 475 
theory has recently been incorporated in fib Model Code 2010 [40,53] with reference to the 476 
punching shear strength of two-way slabs. The theory states, consistently to what has been 477 
presented previously, that the shear strength of reinforced concrete members without transverse 478 
reinforcement depends on the opening and roughness of a critical shear crack transferring shear 479 
[15].  480 
In the CSCT, the width of the critical shear crack is estimated proportional to a reference 481 
longitudinal strain (Figs. 10a-c) times the effective depth of the member [15] ( dw   ), which is 482 
in agreement to the considerations presented in this paper. On that basis, Muttoni and Fernández 483 
Ruiz [15] proposed the following equation for the failure criterion (refer to Fig. 10d): 484 
 22/42 
 mm MPa,      
1201
1
3
0 gg
c
C
dd
d
fbd
V


   (20) 485 
By comparing Eq. (20) to the previous equations derived for the residual tensile strength and 486 
aggregate interlock contributions (Eqs. (6,14)), it can be noted that they are similar, with the same 487 
parameters governing the shear strength and showing a similar shape. Also the limit cases (→0 488 
and  →∞) are correctly reproduced for each governing regime. This holds also true for the 489 
contribution of the compression chord (Eq. (19)) as previously explained. With respect to the 490 
dowelling action (whose contribution  can be considered as more limited), it is also dependent on 491 
the same parameters (strain and size) and presents a similar dependency on them, refer to Eq. (18), 492 
yet it is also influenced by the detailing rules considered (spacing, concrete cover, bar diameter). 493 
A comparison of the failure criterion of the CSCT and the contribution of the shear transfer actions 494 
is qualitatively shown in Fig. 10e (the amount of force carried by each shear-transfer depends on 495 
the actual crack shape and kinematics [17]). The power of the concrete compressive strength is 496 
assumed by the CSCT to be 0.5 (within the previously determined range), and a reference size of 497 
16 mm is considered for parameter dg0 (yet consistent to those previously observed). The previous 498 
comparison of the selected shape of the CSCT (Eq. (13)) and the analytically-derived formulas for 499 
the various shear-carrying actions validate the proposed shape as well as its generality 500 
independently of the governing shear-carrying actions. For design purposes, Eq. (20) has 501 
nevertheless the advantage that it is defined by only one analytical curve (which greatly simplifies 502 
its use) yet accounting for the governing parameters, limit cases and influences of the various 503 
implied phenomena derived from the mechanical models previously presented.  504 
 505 
5. Size-effect law consistency of the CSCT 506 
One interesting aspect of the CSCT is that it accounts directly for the size and strain effects. 507 
Whereas in many shear approaches both effect are explicitly introduced by means of strength 508 
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correction factors (empirical in many cases [3]), the CSCT considers them naturally on the basis of 509 
its physical assumptions (without the need of adding any correction factor). It can be noted that in 510 
the formulation of Eq. (20) both phenomena (influence of size and strain) are related. Specimens 511 
of larger sizes, for instance, will fail at lower levels of unitary shear forces (due to size effect) if 512 
the reinforcement ratio remains constant, thus being subjected to lower levels of deformation. In 513 
order to perform a consistent investigation of the size effect law predicted by the CSCT, such 514 
dependency should be suitably addressed. This can be done for instance by replacing the reference 515 
strain (Fig. 10b) as a function of the size and acting shear force of the member. According to a 516 
cracked sectional analysis [15], refer to Fig. 10a-c, this reference strain can be estimated as: 517 
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where M refers to the acting bending moment at the control section and c refers to the depth of the 519 
compression zone [15]: 520 
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It can be noted that the bending moment M is related to the shear force. For instance, assuming a 522 
simply supported beam, where the location of the nominal control section is set at d/2 of the mid-523 
span according Fig. 10a (the demonstration can be generalised to other cases), the shear strength 524 
results: 525 
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Where the parameters  and  are independent of d (since the shear span a is proportional to d in 527 
order to keep scaled geometries, c is proportional to d according to Eq. (22) and dg is kept 528 
constant). Thus: 529 
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If the strength is normalized by /3dfbd c  , it results: 531 
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Thus, for very large sizes (d→∞) the expression can be simplified as: 533 
dfbd
V
c
R
 

3
1
  (26) 534 
This Equation shows that, for very large sizes, the size effect depends on d-0.5, in agreement to the 535 
LEFM [9]. This leads, in double logarithmic scale, to a slope -1/2 with respect to the influence of d 536 
for these cases: 537 
 d
fbd
V
c
R log
2
1
3
1loglog 








 (27) 538 
Fig. 11a shows for instance a calculation of the influence of size for a typical case corresponding 539 
to a simply supported beam with a ratio /(·dg) = 10 (a = 4.5d,  = 1.0%, fc = 30 MPa, dg = 16 540 
mm, Es = 205 GPa; steel is assumed to behave elastically). The CSCT is observed to consistently 541 
reproduce the limit behaviours predicted by the size-effect law [9] as well as to exhibit a smooth 542 
transition between them. It can be additionally noted that Eq. (25) can be rewritten in terms of the 543 
parameter dn = d/ as: 544 
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This latter Equation describes in fact the size effect law predicted by the CSCT, which is compared 546 
in Figure 11b to the same test data of Figure 10d [15] (in double-logarithmic scale). The results 547 
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show again a suitable prediction of the size effect and its limit behaviours. It can further be noted 548 
that the experiments (many of them corresponding to realistic sizes and mechanical properties for 549 
practical applications) are not necessarily governed by the yield criterion or the LEFM. This may 550 
also be considered as an additional argument supporting the differences that may be found in the 551 
governing shear-transfer actions for a given member [17]. 552 
As shown in Figure 11b, size effect exhibits a significant influence on the shear strength of 553 
members without transverse reinforcement. Despite this fact, it can be noted that current codes of 554 
practice do not always account for its influence (as ACI 318-11 [2]) or may propose empirical 555 
expressions calibrated on the basis of limited dataset leading to inconsistent results (for instance, 556 
the size effect factor of Eurocode 2 [3], which predicts no influence of size effect for very large 557 
sizes). With this respect, a consistent treatment on a physical basis of size and strain effects is thus 558 
considered as a need for future design codes. 559 
 560 
6. Conclusions 561 
Various potential shear-transfer actions can develop in reinforced members cracked in bending 562 
(aggregate interlocking, residual tensile strength of concrete, dowelling action and inclination of 563 
compression chord). This paper investigates on the response of reinforced concrete beams with 564 
rectangular cross-section and on the governing parameters of shear strength with special reference 565 
to size and strain effects. Its main conclusions are listed below: 566 
1. Aggregate interlocking and the residual tensile strength of concrete develop at the critical shear 567 
crack due to its shape and associated kinematics. The strength exhibited by both action decays 568 
for increasing openings of the critical shear crack, which occurs for increasing sizes and strains. 569 
2. The dowelling action exhibits a more limited contribution for slender members, yet not 570 
necessary negligible. It is affected by a strain effect and also by a size effect depending on the 571 
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detailing rules of the reinforcement (mainly on the ratio between the bar diameter and the 572 
effective depth of the member). 573 
3. Arching action is potentially significant for beams with short shear span-to-effective depth 574 
ratios. For slender members, its contribution decreases due to the presence of the critical shear 575 
crack as the presence of this crack reduces the inclination of the compression chord. Its 576 
response is influenced by the same parameters as the residual tensile strength and aggregate 577 
interlock actions. 578 
4. On the basis of the integration of the stresses developed in concrete for mechanical models of 579 
slender members simulating aggregate interlocking, residual tensile strength of concrete, 580 
dowelling action and the inclined compression chord, it can be observed that all shear-transfer 581 
actions depend in fact on the same physical parameters (concrete compressive strength, 582 
effective depth and width of the member, longitudinal strains or rotation and maximum 583 
aggregate size). Also, all lead to a similar shape decay on the shear stress that can be transferred 584 
through the critical shear crack for increasing openings of the critical shear crack  585 
5. The approach, hypotheses and failure criterion of the Critical Shear Crack Theory (CSCT) is 586 
shown to be consistent with the previous aspects. The failure criterion proposed in this theory 587 
for slender one-way slabs and beams suitably reproduces the shape and parameters observed for 588 
activation of the aggregate interlock, residual tensile strength of concrete, dowelling action and 589 
arching action.  590 
6. The influences of size and strain on the shear strength of a member can be suitably reproduced 591 
by means of the CSCT. Both phenomena are yet coupled, as larger sizes are associated to lower 592 
levels of deformation. In this paper, it is also proven the consistency of the CSCT to the size-593 
effect law predicted by Bažant et al., reproducing a smooth transition between a strength or 594 
yield criterion (without size effect, for small size specimens) to the behaviour predicted by 595 
Linear Elastic Fracture Mechanics (for specimens with very large sizes) 596 
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 597 
Notation 598 
The following symbols are used in this paper: 599 
GF Fracture energy 600 
V Shear force 601 
VR Shear strength 602 
Vpl Flexural strength 603 
a  Shear span 604 
b  Width of beam 605 
bef  Effective width in tension 606 
c  Thickness of compression zone 607 
cb  Concrete cover 608 
d Effective depth (distance from the centroid of the flexural reinforcement to the outermost 609 
compressed fibre) 610 
dB depth of critical shear crack 611 
db  Bar diameter 612 
dg  Maximum aggregate size 613 
dg0  Reference aggregate size 614 
dn  Dimension parameter 615 
fct  Tensile strength of concrete 616 
fc  Concrete compressive strength measured in cylinder 617 
fcef  Effective concrete compressive strength  618 
ki  Coefficients 619 
 Lengths 620 
sb  Bar spacing 621 
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w  Crack width 622 
wcr  Maximum crack width for which tensile stresses are transferred after concrete cracking 623 
wli  Maximum crack width for which aggregate interlock stresses are transferred after concrete 624 
cracking 625 
 Constant 626 
 Constant; angle of compression strut 627 
 Crack slip 628 
i Shear span-to-effective depth ratio 629 
 Angle of inclined crack 630 
 Reference strain 631 
 Normal stress 632 
 Shear stress 633 
0 Maximum normal stress transferred by aggregate interlocking 634 
0 Maximum shear stress transferred by aggregate interlocking 635 
 Rotation 636 
 Variables for integration 637 
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Figure 1: Size and strain effects on the shear strength of reinforced concrete members 773 
without transverse reinforcement: (a) size effect expressed in a double-774 
logarithmic scale; and (b) strain effect expressed in terms of member 775 
deformation 776 
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Figure 2: Shear-transfer actions: (a) cantilever action; (b) aggregate interlock; (c) dowel 778 
action; (d) residual tensile strength of concrete; and (e-f) arching action  779 
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Figure 3: Aggregate interlock: (a) kinematics of a shear crack with relative components of 782 
opening (w) and slip (); and (b) contact stresses 783 
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Figure 4: Kani’s valley: governing shear transfer actionsas a function of shear slenderness786 
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Figure 5: Investigated cracking pattern at shear failure of slender beams: (a) geometry of 789 
critical shear crack and delamination crack; (b) assumed kinematics; (c) strain at 790 
the flexural reinforcement; (d) shear contributions; (e) relative displacements of 791 
the crack lips according to the crack shape and kinematics; (f) opening and 792 
sliding along the top part of the critical shear crack; and (g) opening and sliding 793 
along the bottom part of the critical shear crack 794 
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Figure 6: Contribution of residual strength of concrete in tension: (a) tension softening of 797 
concrete under pure tensile stresses; (b) crack kinematics; (c,d) tensile stresses 798 
developing through the crack for cases (1,2) respectively; and (e,f) shear force 799 
carried carried by the critical shear crack as a funtion of the deformation of the 800 
member 801 
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Figure 7: Contribution of aggregate interlock: (a) aggregate interlock stresses; (b) relative 805 
displacements between the lips of the crack; (c,d) shear stresses developing 806 
through the crack for cases (1,2) respectively; and (e,f) shear force carried by the 807 
critical shear crack as a funtion of the deformation of the member 808 
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Figure 8: Dowelling action: (a,b) development of transverse stresses at the cover region 810 
along the bar depending on the length of the spalled concrete; (c) distribution of 811 
transverse tensile stresses at the cover (perpendicular to the bar); (d) plastic 812 
behaviour of dowelling action according to [25] (dimensions in [mm]); and (e) 813 
reduction on the effective tensile strength as a function of the longitudinal strains 814 
in the bar (experimental data according to [45]) 815 
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Figure 9: Analysis of the compression chord for slender members: (a) flexural cracking 817 
pattern and cantilever action; (b) development of the horizontal branch of the 818 
critical shear crack; and (c) inclined compression strut 819 
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Figure 10: Failure criterion of the Critical Shear Crack Theory (CSCT): (a-b) location of 824 
the control section and reference fibre; (c)  assumed cracked  behaviour for 825 
calculation of the reference strain; (d) failure criterion (Eq. (20)) and comparison 826 
to tests on beams failing in shear under point loading [15]; and (e) qualitative 827 
comparison of the shear transfer actions contributions and the CSCT failure 828 
criterion  829 
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Figure 11: Calculated influence of size effect with the CSCT: simply supported beam with 833 
a = 4.5d,  = 1.0%, fc = 30 MPa, dg = 16 mm, Es = 205 GPa, steel assumed 834 
perfectly elastic (ratio /(·dg) = 10); and (b) comparison of the size effect law 835 
predicted by the CSCT to the test dataset given in [15] 836 
